Abstract. We present a method for the calculation of few-electron spectral functions of the one-dimensional Hubbard model which relies on a pseudofermion description introduced recently in Ref. [6] . The spectral functions are expressed as a convolution of pseudofermion dynamical correlation functions. Our general method involves the direct evaluation of the matrix elements of pseudofermion operators between the ground state and the excited states. We briefly discuss the application of our general method to the study of the unusual finite-energy spectral properties observed in the quasi-one-dimensional organic conductor TTF-TCNQ.
INTRODUCTION
There is some evidence that the correlation effects described by the one-dimensional (1D) Hubbard model [1] might contain the microscopic mechanisms behind the unusual finite-energy spectral properties observed in quasi-1D organic materials [2] . Unfortunately, for finite energy values the spectral properties of the model cannot be studied by bosonization or conformal-field theory [3] , since these methods apply only to low energy. In the limit of infinite on-site Coulombian repulsion U the wave function factorizes [4] and the spectral functions can be evaluated by the method of Ref. [5] . However, the quantitative description of the experimental spectral lines requires solution of the problem for finite values of U. In this paper we use a recently introduced pseudofermion description of the model [6] which follows from the concept of rotated electron [7] to evaluate finite-energy expressions for spectral functions of the general form,
where the summations run over the excited states, the energies correspond to these states and the ground state, and the operatorÔ N (k) carries momentum k and can be written as a product of N creation and/or annihilation electronic operators. The simplest case is whenÔ † 1 (k) = c † kσ andÔ 1 (k) = c kσ are the creation and annihilation electron operators of spin projection σ =↑, ↓ and momentum k, respectively. The interesting cases correspond to N = 1, 2 operators. The 1D Hubbard model reads
c.]+U jn j,↑n j,↓ where c † j, σ and c j, σ are electron operators at site j = 1, ..., N a andn j, σ = c † j, σ c j, σ . We consider electronic and spin densities n = N/L and m = [N ↑ − N ↓ ]/L in the ranges 0 < n < 1/a and 0 < m < n, respectively, where L = a N a , a is the lattice constant, N = N ↑ + N ↓ , and N σ is the σ electron number. We introduce k F = πn/2 and k Fσ = πN σ /L and the electronic charge reads −e.
According to the studies of Ref. [7] , the diagonalization of the model involves a unitary transformation which maps electrons onto rotated electrons such that rotated-electron double occupation is a good quantum number. Rotated electrons are similar to Fermi-liquid quasiparticles. They have the same charge and spin as electrons. The rotated-electron doubly occupied and empty sites correspond to the holons of η-spin projection −1/2 and +1/2, respectively. Holons have η-spin 1/2 and zero spin [7] . The spin and charge degrees of freedom of the spin σ rotated-electron singly occupied sites decouple, giving rise to an equal number of c0 pseudofermions, that carry charge −e and no spin, and spin σ spinons, that carry no charge. In addition to the c0 pseudofermions, the charge is carried by the 2ν-holon composite cν pseudofermions of charge −2νe, where ν = 1, 2, 3, .... Moreover, there are also 2ν-spinon composite sν pseudofermions that carry no charge. The holons (and spinons) which are not part of cν (and sν) composite pseudofermions have a non-interacting and local character. The discrete momentum values of the αν pseudofermions, such that α = c, s and ν = 1, 2, 3, ... and also ν = 0 for α = c, read
where
Here N * αν is the total number of discrete momentum values such that
are the two-pseudofermion phase shifts defined in Ref. [6] , and are integers or half-odd integers [6] [7] . The momentum distribution N α , ν (q j ) is given by 1 and 0 for occupied and unoccupied momentum values, respectively. The excited states can be expressed in terms of αν pseudofermion momentum occupancy configurations. In the ground state there are no −1/2 holons (rotated-electron doubly occupied sites) and no αν pseudofermions of branches such that ν > 0 for α = c and ν > 1 for α = s. The c0 and s1 momentum ground-state occupancies are compact and symmetrical and such that N c0 = N and N s1 = N ↓ , while N αν = 0 otherwise. The Fermi points ι q Fαν where ι = ±1 read q Fc0 = 2k F and q Fs1 = k F↓ . The pseudofermions have energy dispersions c0 (q), s1 (q), and αν (q) = µ αν + 0 αν (q) otherwise, where µ cν = 2νµ, µ sν = 2νµ 0 H, µ = µ(n) and H = H(m) define the density and magnetization curves, and the dispersions are defined in Ref. [7] .
THE SPECTRAL FUNCTIONS
The important point is that the few-electron spectral weight is associated with excited states generated from the ground state by a finite number of particle-hole pseudofermion processes and pseudofermion creation and/or annihilation processes. Fortunately, in such a Hilbert subspace the wave functions of the ground-state normal-ordered 1D Hubbard model factorize into pseudofermion wave functions. (For U/t → ∞ this occurs for the whole Hilbert space [4] [5] .) Thus the few-electron spectral functions (1) can be expressed as a convolution of αν pseudofermion spectral functions. By use of the results of Refs. [6] [7] one can express the operatorÔ N (k) of expressions (1) in terms of rotated electrons and thereafter in terms of αν pseudofermions and localized holons and spinons. The localized objects do not contribute to the spectral weights and only lead to shifts in the energy and momentum of the functions (1). In contrast, the αν pseudofermions contribute to such weights through their non-fermionic anticommutation relations [6] ,
In the present case the pseudofermion operators f q , α , ν and f † q, α, ν act onto the ground state and an excited state, respectively. Since for the excited states Q α, ν (q) 0, there is a overall phase shift Q α, ν (q)/L due to momentum transfer Q α, ν (q). This effect gives rise to an orthogonal catastrophe. In the absence of such a catastrophe, when Q α, ν (q) = 0, the contribution to the spectral functions comes from one particle-hole excitations only, and these functions have the familiar δ-function structure. In contrast, in our case the largest weight comes from the one particle-hole pseudofermion excitations, and increasing the number of particle-hole processes, the additional weight decreases rapidly. Fortunately, in the present thermodynamic limit such a weight vanishes in the limit of an infinite number of processes.
The weight of the peak of the α, ν pseudofermion spectral function corresponding to N ph particlehole processes of the c0 and s1 pseudofermions can be written as A
is the relative weight which is a function of the set of particle and hole momentum values q 
where |0 is the vacuum state. Expression of this overlap in terms of a determinant and use of the anticommutator (4) leads after some algebra to the following expression,
Within our theory one can write the weights of all processes. However, here we focus our attention onto the dominant processes, whose finite energy and momentum arise from creation or annihilation of pseudofermions and/or localized holons and spinons. For such processes the particle-hole processes of c, 0 and s, 1 pseudofermions are of low energy and momentum and the relative weights depend on the number N ph ι of elementary particle-hole processes around the ι q αν Fermi points such that ι = ±1 and read,
where,
Here ∆N F α, ν, ι is the deviation in the number of α, ν pseudofermions at the ι q Fα, ν Fermi points. For instance, the one-hole weights of dominant processes are simply given by a (1, 0) α, ν = 2∆ +1 α, ν and a (0, 1) α, ν = 2∆ −1 α, ν . As discussed in Ref. [6] , in the particular case of low-energy excitations the quantities (7) become for c, 0 and s, 1 the field dimensions of conformal-field theory [3] . Importantly, all the singular features of the few-electron spectral weight correspond to finite-energy branch lines generated by creating or annihilating all the involved pseudofermions at their Fermi points except one. By considering creation (or annihilation) of the latter particular α, ν pseudofermion for all available momentum values generates a α, ν branch line in the (k, ω) plane. For simplicity in this paper we consider the line shape in the vicinity of such branch lines only. It corresponds to energy values ω ≈ −l α, ν (q) where the spectral functions (1) read,
Here the expression of C l α, ν (k) is in general very involved, the exponent is given by,
and the expression of q in terms of k is well defined for each branch line. In Eq. (9) 2∆ ι α ,ν (k) is the functional (7), whose value depends on the momentum k in the case of the branch lines. When ζ α, ν (k) < 0 the branch line corresponds to a singular weight feature, whereas for ζ α, ν (k) > 0 it refers to an edge feature. . Moreover, the c and s lines correspond to the c0 and s1 singular branch lines, respectively, of the same function for n = 1.41, m = 0, t < 0 ≈ −0.27 eV, and the three values U/| t| = 0, 0.5, 1.0. Remarkably, we find again that the theoretical lines match the TTF dispersion provided that U 0.2| t| within experimental uncertainty. The momentum dependence of the exponents (9) corresponding to the singular branch lines of the figure is presented in the third paper of Ref. [2] .
APPLICATION TO TTF-TCNQ

